
Chapter 11

Fast Multipole Method

In the previous two chapters, we applied the ACA and the MLACA to a direct solution
of the MoM system matrix in compressed form using LU factorization. Overall, the
compression levels were very good, with both methods having a storage complexity
that scaled approximately as O(N4/3 logN). Compared to the ACA, MLACA was
found to yield a much greater amount of compression, particularly for larger problems,
at the expense of additional compute time in compressing the matrix blocks.

In this chapter, we introduce the Fast Multipole Method (FMM), which also ex-
ploits the rank-deficient nature of the MoM system matrix but approaches the solution
in a different way. Whereas the ACA and MLACA compute and store all matrix blocks,
with off-diagonal blocks in compressed form, in the FMM only the diagonal and a frac-
tion of the off-diagonal blocks are computed and stored directly. The remaining matrix
elements are instead evaluated on the fly in aggregated form as part of the matrix-vector
product in an iterative solver. In this way, the FMM achieves an O(N3/2) complex-
ity [1], at the expense of requiring an iterative solution. If the geometry is divided
in a recursive, hierarchical way, the result is a Multi-Level Fast Multipole Algorithm
(MLFMA), which has an improved O(N logN) complexity [2] but requires a more
complex software implementation. It is the MLFMA to which we devote much of our
attention in this chapter.

The treatment that follows is novel in that it fuses several elements of the ACA with
MLFMA, in particular its use of a block matrix approach and SVD-based compression
of the off-diagonal matrix blocks and the FMM radiation and receive functions. This
approach, which we call the MLFMA/SVD, retains the O(N logN) storage complex-
ity but yields greater memory savings than the standard MLFMA.

11.1 The N-Body Problem
Consider theN -body problem, which is encountered in many areas of applied physics.
A classic example is the motion of celestial objects interacting through gravitational
attraction. For example, if we wish to know the position and velocity of a star at some
point in time, the differential equations of motion must be numerically integrated in
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time. This requires a calculation of the gravitational potential due to all other nearby
stars at each time step in the integration. Similarly, as the other stars are also moving,
the gravitational forces on them, and their positions and velocities, must also be com-
puted. This results in an N × N problem at each point in time, where N is the total
number of stars. When N is small, a brute-force pairwise calculation of the forces can
be carried out at each time step. However, when N becomes very large, the number
of calculations in the brute-force approach may grow so large as to be impractical or
impossible.

The Fast Multipole Method (FMM), originally introduced by Greengard and Rokhlin
in [3], was successful in reducing the complexity of this N -body problem. In this
method, the gravitational potentials of a group of closely spaced particles are rewritten
in terms of their multipole expansions. These expansions are combined into a single
function representing the potential of the entire group. The interaction between that
group and any particles far away from that group can then be computed using the mul-
tipole expansion. Thus, the FMM allows for grouping together many nearby particles
and treating them as if they are a single particle. The MoM system matrix can be
viewed as another type of N -body problem, where each matrix element comprises the
field radiated by one basis function and received by another.

As we will see, the FMM can be applied to vector electromagnetic problems. How-
ever, the multipole expansions are specific to the Green’s function and must be derived
for the electromagnetic case. This differs from the ACA approach, which is method-
agnostic and requires no knowledge of the underlying problem.

11.2 Matrix-Vector Product
Let us first consider a matrix-vector product in the context of the Method of Moments,
written as

x = Zy , (11.1)

where the system matrix Z represents the interactions (fields) between source and test-
ing functions, and the right-hand side vector y comprises the excitation of each basis
function. The rows of the result vector x comprise the coherent sum of the fields “re-
ceived” by each testing function due to the fields “radiated” by all basis functions.
Noting that the amplitude of the interaction between a source and testing pair dimin-
ishes quickly versus distance, let us divide the space around each basis function into
two regions: a near-field region having stronger interactions, and a far-field region
with weaker interactions. This is illustrated in Figure 11.1, where pointA is at the cen-
ter of a shaded circular region of diameter d. All points inside the circular region are
said to lie in the near region, and those outside in the far region. Note that though they
are similarly named, these should not be confused with the near and far field regions
described in Section 3.5.

Consider next row m of Z, which we denote as zm∗. The product of this row with
the column vector y yields the column vector element xm given by

xm = zm∗ y , (11.2)



CHAPTER 11. FAST MULTIPOLE METHOD 359

A

d

Figure 11.1: Near and Far Points

which comprises the fields received by testing function m due to all basis functions.
As some basis functions are in the near region of testing function m and the others are
in the far region, the two vectors can be re-ordered and divided so that (11.2) now reads
as

xm = zm∗ y = znearm∗ ynear + zfarm∗ yfar, (11.3)

where the elements in the sub-vectors znearm∗ and ynear are due to the source functions
in the region near to testing functionm, and those in zfarm∗ and yfar are due to those in
the far region. Extending this concept, if we now write the system matrix as

Z = Znear + Zfar, (11.4)

where Znear and Zfar are sparse, the matrix-vector product can be written as the sum
of a near product and a far product, yielding

x = xnear + xfar = Zneary + Zfary, (11.5)

where xnear and xfar are sparse vectors. In the FMM, the matrix-vector product com-
prises two steps: a near product with Znear, where the elements are computed and
stored explicitly, and a far product with Zfar, which is computed in a different way on
the fly. We will discuss the practical implementation of these steps throughout the rest
of this chapter. As we will see, one of the primary benefits of the FMM is that Znear is
extremely sparse, greatly reducing the memory requirements. In addition, we will use
the SVD to compress some of the off-diagonal blocks in Znear , reducing the memory
footprint even further.

In the rest of this section, we will consider the far part of the matrix-vector product
in more detail. First we will address the concepts of the addition theorem and wave
translation, which allow us to treat groups of basis functions as a single group. Follow-
ing this, we will then develop the FMM-specific expressions used to compute the far
matrix elements.
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11.2.1 Addition Theorem
Consider again the three-dimensional Green’s function (3.39), written as

G(r, r′) =
e−jk|r−r′|

4π|r − r′| , (11.6)

where r′ and r are the source and field points, respectively. If we now add to r an offset
x, (11.6) can be written as

e−jk|r−r′+x|

4π|r − r′ + x| =
e−jk|R+x|

4π|R + x| , (11.7)

where R = r − r′. Provided that |x| < |R|, we now define the addition theorem for
spherical waves, given by [1, 2]

e−jk|R+x|

4π|R + x| = − jk

4π

∞∑
l=0

(−1)l(2l+ 1)jl
(
k|x|)h(2)l

(
k|R|)Pl

(
x̂ · R̂
)
, (11.8)

where jl(x) is a spherical Bessel function of the first kind, Pl(x) is a Legendre poly-
nomial of order l, and h(2)l (x) is a spherical Hankel function of the second kind, i.e.,

h
(2)
l (x) =

√
π

2x
H

(2)
l+1/2(x) = jl(x)− jnl(x) , (11.9)

where jl(x) and nl(x) are spherical Bessel functions of the first and second kinds, re-
spectively. Examining (11.8) closely, we see that it is a way of writing a wave radiating
from a point as if it were radiating from a different point nearby. Following Stratton
[4], we can convert (11.8) to a surface integral on the unit sphere via

4π(−jl)jl
(
k|x|)Pl

(
x̂ · R̂
)
=

∮
1

e−jkk̂·xPl

(
k̂ · R̂
)
dS , (11.10)

where k̂ is the radially oriented unit vector on the sphere. Using this expression allows
us to then write

e−jk|R+x|

4π|R + x| =
k

(4π)2

∮
1

e−jkk̂·x
∞∑
l=0

(−j)l+1(2l+1)h
(2)
l

(
k|R|)Pl(k̂ · R̂) dS , (11.11)

where the integration and summation have been exchanged. This exchange will be
legitimate provided that we truncate the summation at some finite orderL, which limits
the maximum value of |R|. Doing so, we can now write (11.11) as

e−jk|R+x|

4π|R + x| =
∮
1

e−jkk̂·x TL(k, k̂,R) dS , (11.12)

where

TL(k, k̂,R) =
k

(4π)2

L∑
l=0

(−j)l+1(2l+ 1)h
(2)
l (k|R|)Pl(k̂ · R̂) . (11.13)
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We refer to TL(k, k̂,R) as the transfer function, as it allows us to convert outgoing
spherical waves at a source point to a set of incoming spherical waves at a field point.
In practice, the integration on the unit sphere in (11.12) is carried out numerically with
quadratures in the θ and φ dimensions. We will discuss the types of quadratures and
required sampling rates in more detail in a later section.

11.2.2 Wave Translation
Let us illustrate the addition theorem by calculating the Green’s function between a
source point r′ and observation point r. We first define the vector

v = r − r′, (11.14)

and then introduce two points a and b that are very close to r and r′, respectively, as
shown in Figure 11.2. We can now write (11.14) as

v = (r − a) + (a − b)− (r′ − b) , (11.15)

or
v = rra + rab − rr′b . (11.16)

Using (11.16), we can now write (11.12) as

e−jk|r−r′|

4π|r − r′| =
∫
1

e−jkk̂·(rra−rr′b)TL(k, k̂, rab) dS , (11.17)

where

TL(k, k̂, rab) =
k

(4π)2

L∑
l=0

(−j)l+1(2l + 1)h
(2)
l

(
k|rab|

)
Pl

(
k̂ · r̂ab

)
. (11.18)

This is an important result, as the transfer function depends only on rab. If we were
to move r and r′ a small distance from their previous location, the transfer function
remains unchanged. Therefore, we can compute the interaction between any two points
near a and b using the same transfer function. Let us now write (11.17) as

e−jk|r−r′|

4π|r − r′| =
∫
1

R(r, k̂) TL(k, k̂, rab)T (r′, k̂) dS , (11.19)

abr
a

b

r

r
Figure 11.2: Wave Translation
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where at the source point r′, we define the radiation function

T (r′, k̂) = ejkk̂·rr′b , (11.20)

and at the field point r, we define the receive function

R(r, k̂) = e−jkk̂·rra . (11.21)

If we move r′ or r to another location, only the corresponding radiation or receive
function changes. As a result, we can now compute a sum of the Green’s functions
evaluated at the field point r due to many source points r′n located close to b. Using
(11.19), this can be written as

N∑
n=1

e−jk|r−r′n|

4π|r − r′n|
=

∫
1

R(r, k̂) TL(k, k̂, rab)
N∑

n=1

Tn(r′n, k̂) dS , (11.22)

where the individual radiation functions are

Tn(r′n, k̂) = ejkk̂·rr′nb . (11.23)

It is (11.22) that allows us to quickly compute the far matrix-vector product. The
radiation functions for all source points are coherently added (aggregated) to create
a local field at b. This field is then transmitted via the transfer function, yielding
a local field at a. The local field is then multiplied with the receive function at the
field point and integrated over the unit sphere (disaggregated), yielding the desired
sum. In a practical FMM implementation, the basis and testing functions are clustered
into groups. The radiation and receive functions for all basis and testing functions,
as well as the transfer functions linking all groups, are precomputed. The far part of
the matrix-vector product then comprises aggregations, transfers, and disaggregations
between well-separated groups.

11.2.2.1 Complex Wavenumbers

In lossy dielectric regions having complex-valued wavenumbers, the transfer function
(11.18) remains valid. However, special numerical routines are needed to compute the
spherical Hankel function for non-integer orders and complex arguments. The sub-
routines by Amos [5] are ideal for this purpose, in particular the routines cbesh and
zbesh for single- and double-precision complex variables, respectively. These rou-
tines are available via the Netlib repository1, and are often integrated in software li-
braries for computing special functions.

11.2.3 Far Matrix Elements
Having discussed the addition theorem and the concepts of wave translation, we will
now derive expressions for the radiation and receive functions used to compute the

1http://www.netlib.org/amos
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MoM matrix elements (3.188–3.193). Though the examples in this chapter use a three-
dimensional approach with the RWG basis and testing functions, the expressions pre-
sented in this section are independent of basis function. We remind the reader that
though the radiation and receive functions are derived in the context of a single source-
field pair, the FMM matrix-vector product operates on aggregated (summed) radiation
functions and individual matrix elements are not formed explicitly.

Note that we will allow the points a and b to remain undefined for now. They will
be specified later when we discuss clustering the basis functions into groups.

11.2.3.1 EFIE

The EFIE (3.181) containsL andK operators, which were discretized and tested via the
MoM in (3.188) and (3.189). We will derive the corresponding radiation and receive
functions in this section.

11.2.3.1.1 L Operator

Let us focus our attention on the second term on the right in (3.188). As the FMM
interactions are not in the near zone, we do not need to redistribute the differential
operators as in Section 3.6.2.3. Instead, we follow Section 3.4.4 and move them so that
they operate only on the Green’s function. This yields in region Rl matrix elements
given by

ZEJ(l)
mn = L(fm, fn) , (11.24)

where

L(fm, fn) = jωμl

∫
fm

fm(r) ·
∫

fn
fn(r′)

[
1− 1

k2l
∇∇′
]
G(r, r′) dr′ dr . (11.25)

We next apply the differential operations to the Green’s function in (11.17). This is ac-
complished by noting that the TL(k, k̂, rab) is not a function of r or r′, and the vectors
rra and rr′b are radially directed vectors in field and source coordinates, respectively,
with a and b as the respective origins. Inserting the result into (11.25) yields an expres-
sion of the form

L(fm, fn) =
∫
1

RL(fm, k̂) · TL(kl, k̂, rab)TL(fn, k̂) dS , (11.26)

where the radiation function for basis function fn(r′) is

TL(fn, k̂) =
[
1− k̂k̂

]
·
∫

fn
fn(r′)ejkl k̂·rr′b dr′ (11.27)

and the receive function for testing function fm(r) is

RL(fm, k̂) = jωμl

∫
fm

fm(r)e−jkl k̂·rra dr . (11.28)

We note that the
[
1− k̂k̂

]
term in (11.27) removes the components of the integral along

the radial vector k̂, leaving only θ̂ and φ̂ components.
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11.2.3.1.2 K Operator

As the source and testing functions are well separated, the supports of fm and gn do not
overlap and we retain only the first term on the right-hand side of (3.189). This yields
in Region Rl matrix elements given by

ZEM(l)
mn = K(fm, gn) , (11.29)

where

K(fm, gn) =
∫

fm
fm(r) ·

∫
gn

gn(r
′)×∇′G(r, r′) dr′ dr . (11.30)

Taking the gradient of (11.17) and rearranging the cross product yields

K(fm, gn) =
∫
1

RK(fm, k̂) · TL(kl, k̂, rab)TK(gn, k̂) dS , (11.31)

where the radiation function for basis function gn(r′) is

TK(gn, k̂) =
∫

gn
gn(r

′)ejkl k̂·rr′b dr′ (11.32)

and the receive function for testing function fm(r) is

RK(fm, k̂) = jkl k̂ ×
∫

fm
fm(r)e−jkl k̂·rra dr . (11.33)

The cross product with k̂ in (11.33) results in the receive function having only θ̂ and
φ̂ components. An η0 scale factor must also be applied to the radiation function to
account for the magnetic basis function.

11.2.3.2 MFIE

The MFIE (3.182) also has K and L operators, which were discretized and tested via
the MoM in (3.190) and (3.191). Substitution of the electric basis and magnetic testing
functions into (3.190) yields in Region Rl matrix elements given by

ZHJ(l)
mn = −K(gm, fn) , (11.34)

and substitution of the magnetic basis and testing functions into (3.191) yields

ZHM(l)
mn =

εl
μl

L(gm, gn) , (11.35)

where the L and K elements were defined in Section 11.2.3.1. An η0 scale factor must
also be applied to the radiation and receive functions to account for the presence of the
magnetic basis functions, where appropriate.
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11.2.3.3 nMFIE

The nMFIE (3.183) contains the n̂ × L and n̂ × K operators, which were discretized
and tested via the MoM in (3.192) and (3.193). We derive their radiation and receive
functions in this section.

11.2.3.3.1 n̂ ×K Operator

As the basis and testing functions are well separated, the supports of fm and fn do not
overlap and we retain only the first term on the right-hand side in (3.192). This yields
in Region Rl matrix elements given by

ZnHJ(l)
mn = nK(fm, fn) , (11.36)

where

nK(fm, fn) = −
∫

fm
fm(r) ·

[
n̂l(r)×

∫
fn

fn(r′)×∇′G(r, r′) dr′
]
dr . (11.37)

Taking the gradient of (11.17) and rearranging the cross products yields

nK(fm, fn) =
∫
1

Rn̂×K(fm, k̂) · TL(kl, k̂, rab)Tn̂×K(fn, k̂) dS , (11.38)

where the radiation function for basis function fn(r′) is

Tn̂×K(fn, k̂) =
∫

fn
fn(r′)ejkl k̂·rr′b dr′ (11.39)

and the receive function for testing function fm(r) is

Rn̂×K(fm, k̂) = −jkl k̂ ×
∫

fm

[
fm(r)× n̂l(r)

]
e−jklk̂·rra dr . (11.40)

We note that due to the cross product with k̂, the receive function has only θ̂ and φ̂
components.

11.2.3.3.2 n̂ × L Operator

Substituting the magnetic basis and electric testing functions into (3.193) yields in
Region Rl matrix elements given by

ZnHM(l)
mn = nL(fm, gn) , (11.41)

where

nL(fm, gn) = jωεl

∫
fm

fm(r) ·
[
n̂l(r)×

∫
gn

gn(r
′)
[
1− 1

k2l
∇∇′
]
G(r, r′) dr′

]
dr .

(11.42)
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Applying the differential operators yields a result similar to the L operator in Section
11.2.3.1, which is

nL(fm, gn) =
∫
1

Rn̂×L(fm, k̂) · TL(kl, k̂, rab)Tn̂×L(gn, k̂) dS , (11.43)

where the radiation function for basis function gn(r′) is

Tn̂×L(gn, k̂) =
[
1− k̂k̂

]
·
∫

gn
gn(r

′)ejkl k̂·rr′b dr′ (11.44)

and the receive function for testing function fm(r) is

Rn̂×L(fm, k̂) = jωεl

∫
fm

[
fm(r)× n̂l(r)

]
e−jkl k̂·rra dr . (11.45)

We note that the radiation function has only θ̂ and φ̂ components. An η0 scale factor
must also be applied to account for the presence of the magnetic basis function.

11.2.4 Unit Sphere Decomposition
In the previous sections we noted that for each matrix element, the radiation or re-
ceive function had only θ̂ and φ̂ components. As a result, the inner product of the
radiation and receive functions operates on only those components, and any k̂-oriented
components are disregarded. Therefore, when precomputing these functions, only the
scalar component in each dimension is stored. For example, when precomputing the
value of the receive function RL at each quadrature point on the unit sphere, one would
calculate and store the scalar values RL

θ and RL
φ , which are

RL
θ,φ = (θ̂, φ̂) · RL (11.46)

and similarly, one would store the scalar values TL
θ and TL

φ for the radiation function
TL.

Though the receive functions for the various operators have different forms, a brief
review of the radiation functions in Sections 11.2.3.1–11.2.3.3 shows them to be iden-
tical when decomposed this way. Thus, only one radiation function is needed for each
basis function. These have the form

TJ (fn, k̂) =
[
1− k̂k̂

]
·
∫

fn
fn(r′)ejkl k̂·rr′b dr′ (11.47)

for the electric basis functions, and

TM (gn, k̂) =
[
1− k̂k̂

]
·
∫

gn
gn(r

′)ejkl k̂·rr′b dr′ (11.48)

for the magnetic basis functions. In general, TJ and TM are not necessarily the same
since fn and gn may be different, however for RWG basis functions they are identical
except for the η0 scale factor in the magnetic basis function. Thus, we can compute
and store only one radiation function for each RWG function.
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Figure 11.3: Spatial Subdivision and Grouping of Basis Functions

11.3 One-Level Fast Multipole Algorithm
We will now consider the practical implementation details of the matrix-vector prod-
uct in the context of a one-level Fast Multipole Algorithm (FMA). We will discuss
grouping of basis functions into near and far groups, truncation of the transfer func-
tion, sampling rates on the unit sphere, and calculation and storage of radiation and
receive functions and the near matrix. In Section 11.4, we will then utilize elements
of the one-level algorithm in developing the Multi-Level Fast Multipole Algorithm
(MLFMA), which is the preferred approach used in virtually all MoM solvers.

11.3.1 Clustering of Basis Functions
For efficient programming and execution, a single sampling rate and number of multi-
poles should be used to compute and store all radiation, receive, and transfer functions.
Consequently, those values will depend on the diameter of the largest group. We also
note that since the transfer function depends on the vector rab between group pairs,
a total of M2 transfer functions would be needed, assuming M randomly centered
groups. Thus, the K-means algorithm that was used to cluster basis functions for the
ACA (Section 9.3) is not optimal in this case. Instead, let us enclose the entire surface
S in a bounding cube, which is then divided into small, equally sized cubes with sides
of length w and bounding spheres of diameter d =

√
3w2. We set w to some fraction

of the free-space wavelength, such as λ0/2. Basis functions are sorted into cubes by
testing each cube’s bounding box against the center of the edge to which a function
is assigned. When complete, the nonempty cubes and their basis functions comprise
the groups, and all empty cubes are discarded, resulting in an arrangement similar to
that depicted in Figure 11.3. The points a and b, left undefined in Section 11.2.3, now
comprise the centers of the cubes. As a result of this regularly spaced grid, there are
now a limited number of unique transfer vectors rab, greatly reducing the number of
transfer functions that must be stored.



CHAPTER 11. FAST MULTIPOLE METHOD 368

ba

c

(a) Groups Near To Group b
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(b) Groups Far From Group b

Figure 11.4: Near and Far Groups

11.3.1.1 Classification of Near and Far Groups

To classify pairs of groups as near groups or far groups, we must define what it means
to be well separated in the context of the FMM. Consider two groups with bounding
boxes centered at a and b. For the addition theorem of (11.8) to remain valid, the
center-to-center distance |rab| between groups must be at least one diameter d [6].
Whether two groups are well separated is now determined by the distance between
their bounding spheres. Consider the groups shown in Figure 11.4a, where the group
at b comprises the box in the middle. Boxes sharing an edge with this one, such as the
one at a, are separated by less than d. Those that share a corner, such as the one at c, are
separated by exactly d. Thus, we label as near all boxes that share an edge or a corner.
For the box at b, this includes itself and all the boxes it touches, which comprise the
shaded boxes in Figure 11.4a. The far groups are those that are separated by at least
one box, and comprise the shaded boxes in Figure 11.4b. The near-zone boxes that lie
between the group at b and the far groups are often referred to as buffer boxes.

Following this clustering and classification strategy, the MoM matrix now com-
prises the sum of two sparse block matrices, Znear and Zfar. Basis functions can now
be reindexed following the approach in Section 9.3.

11.3.2 Near Matrix
Because Znear is a block matrix, it can be computed using the same software rou-
tines used to fill the ACA and MLACA block matrices, with a few modifications, as
discussed in Section 11.6.1. Compression of the off-diagonal blocks is discussed next.

11.3.2.1 Compression of Near Matrix

The diagonal blocks of Znear are not compressible, and are computed and stored in full
form. However, it is possible to compress some of the off-diagonal blocks via the SVD
approach (Section 9.1) and store them in compressed form. The difference is that the
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number of basis functions per group in the FMM is often no more than a few hundred,
versus thousands in the ACA, and so the SVD compression is not effective for all off-
diagonal blocks. That is, for some matrix blocks of size m× n, kSV D(m+ n) ≥ mn
for a given τSV D.

To illustrate, let us consider two examples from Chapter 9: the PEC Sphere at
6.0 GHz (Section 9.7.3.1) with 491520 basis functions, and the EMCC Cone-Sphere
at 9 GHz (Section 9.7.4.3) with 119244 basis functions. Figures 11.5a–11.5f show
histograms of the number of basis functions per group for cube sizes of 0.25λ, 0.375λ,
and 0.5λ. We see that at 0.25λ, a large portion of the groups have less than 20 basis
functions. Off-diagonal blocks involving these groups are typically not compressible.
As the cube size increases, we see that the average number increases, and at 0.5λ there
are many groups with over 100 basis functions. For each case, we now compute all
near matrix off-diagonal blocks, and perform an SVD-based compression to determine
their compressibility. In Figures 11.6a–11.6f are shown corresponding histograms of
the compression of the blocks, in percent, for τSV D = 10−4. We note that in all cases,
while there are many non-compressible blocks, this number decreases with increasing
cube size, and the compressibility of individual blocks improves significantly. Table
11.1 summarizes the compression of the near matrix, taking into account the non-
compressible diagonal blocks. It is small at 0.25λ, but significant gains are obtained at
0.375λ and 0.5λ. Though not as substantial as in the ACA and MLACA, which often
yield over 98% compression, the near matrix size is still greatly reduced. This will be
even more significant in Section 11.5, where we use the SVD to compress off-diagonal
preconditioner matrix blocks, but with a less restrictive τSV D.

In practice, our approach for computing off-diagonal blocks is to fill them com-
pletely, and then compress them through direct application of the SVD. Because the
blocks are typically very small, this approach is more efficient than applying the ACA+QR/SVD
technique. If kSV D(m+ n) < mn for the given τSV D, we retain the compressed ver-
sion, otherwise the full version is stored.

Table 11.1: Near Matrix Percent Compression

PEC Sphere Cone-Sphere
Cube Size (λ) 0.25 0.375 0.5 0.25 0.375 0.5

Compression (%) 0.3 15.6 35.6 9.4 38.3 53.5
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(b) Cone-Sphere, 0.25λ
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(c) PEC Sphere, 0.375λ
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(d) Cone-Sphere, 0.375λ
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(e) PEC Sphere, 0.5λ
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(f) Cone-Sphere, 0.5λ

Figure 11.5: Basis Functions Per Group For Different Cube Sizes
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(a) PEC Sphere, 0.25λ
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(c) PEC Sphere, 0.375λ
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(d) Cone-Sphere, 0.375λ
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(e) PEC Sphere, 0.5λ
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(f) Cone-Sphere, 0.5λ

Figure 11.6: Compression of Off-Diagonal Blocks For Different Cube Sizes
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11.3.3 Number of Multipoles
An accurate evaluation of the integral (11.12) requires truncation of the transfer func-
tion (11.13) at some limit L, which we refer to as the number of multipoles. This limit
depends on the size of the groups and the wavenumber, and expressions for it have been
determined empirically. For real-valued k, Rokhlin prescribes for single precision cal-
culations the formula [1]

L = kD + 5 log(kD + π) , (11.49)

and for double precision calculations,

L = kD + 10 log(kD + π) , (11.50)

where D = |x| in (11.12). The maximum possible value of D to be accounted for
occurs when r − r′ and a − b are collinear. With basis functions grouped by cubes,
this value is equal to the bounding-sphere diameter d, so we take D = d. Another
expression was presented later by Chew and Song in [7] and is

L = kd+ β(kd)1/3 , (11.51)

where β is the number of digits of accuracy required. They suggest that β = 6 is
sufficient for most purposes. The same formula is also used in [8] for the optimal
sampling of scattered fields on the sphere.

11.3.3.1 Limiting L for Transfer Functions

Although there are many different separations |rab| between groups, using a single
value of L from (11.51) for all |rab| can cause numerical issues. This is because the
spherical Hankel function h(2)l (x) becomes highly oscillatory for fixed x and increasing
l. Therefore, we cannot take L to be much larger than the argument of the Hankel
function, which is |klrab| in region Rl. Our approach is to simply limit the value of L
to the minimum of either (11.51) or |klrab| in each region. Though this has the effect
of reducing the accuracy of the expansion for groups having the smallest separations,
this does not appear to significantly affect the results in practice.

11.3.3.2 L for Complex Wavenumbers

The expressions forL in Section 11.3.3 were derived empirically for real-valued wavenum-
bers. In lossy dielectric regions having complex wavenumbers, however, the number of
terms required in the addition theorem increases, and (11.51) is no longer valid. When
the losses are small, L increases only slightly, and the approximation

L = |kd|+ β(|kd|)1/3 (11.52)

is adequate in most cases. For large losses the increase in L may be much larger, and it
must be determined adaptively [9].



CHAPTER 11. FAST MULTIPOLE METHOD 373

11.3.4 Integration on the Sphere
Numerical integration of (11.19) requires the radiation, receive, and transfer functions
to be computed and stored at discrete angles in the θ and φ dimensions on the unit
sphere. We must choose the sampling rate in each dimension carefully, so that memory
requirements are minimized while still meeting the Nyquist rate. As these functions
are of finite (or quasi-finite) bandwidth [10], we need to determine the extent of the
bandwidth, how it affects the sampling rate, and how the bandwidth changes when
forming products of these functions.

Consider a function f1(x) having bandwidthA, sampled at a rateN1, and a similar
function f2(x) of bandwidthB sampled at a rate N2. To then calculate the integral∫ x2

x1

f1(x)f2(x) dx (11.53)

we can use numerical quadrature of the form

∫ x2

x1

f1(x)f2(x) dx =

N3∑
i=1

w(xi)f1(xi)f2(xi) , (11.54)

where we use a new sampling rateN3. Because the bandwidth of the product f1(x)f2(x)
is the sum of the individual bandwidths, the sample rate N3 must be sufficiently high
to capture the bandwidth of the product. This presents a dilemma, because the sam-
pling rate needed to numerically evaluate the Green’s function in (11.19) is greater
than the rate needed to sample the radiation, receive, and transfer functions individu-
ally. We can save memory by storing these functions at a lower sampling rate and then
upsampling them to the higher rate when needed. However, interpolation carries with
it additional compute time for upsampling the functions, as well as interpolation error.
To simplify the present discussion, we will assume that all functions are sampled at the
rate required for integration. We will then return to the issue of interpolation when we
discuss the MLFMA in Section 11.4.

11.3.4.1 Spherical Harmonic Representation

The optimal sampling rates and numerical quadrature rules for integrating expressions
like (11.19) on the unit sphere are related to their spherical harmonic representation.
Therefore, let us first consider the decomposition of a bandlimited function in terms of
spherical harmonics. A function f(θ, φ) is said to be bandlimited with bandwidth L if
it can be written as [11]

f(θ, φ) =
L∑

l=0

l∑
m=−l

aml Y
m
l (θ, φ) , (11.55)

where aml are the spherical harmonic coefficients, Y m
l are the spherical harmonics

given by
Y m
l (θ, φ) = Pm

l (cos θ)ejmφ, (11.56)
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and Pm
l (cos θ) is the normalized associated Legendre polynomial of degree l and order

m, given by

Pm
l (x) =

√
2l+ 1

4π

(l −m)!

(l +m)!
(1− x2)m/2 d

m

dxm
Pl(x) . (11.57)

The coefficients aml are obtained via the integral

aml =

∫ 2π

0

∫ π

0

f(θ, φ)Y m∗
l (θ, φ) sin θ dθdφ , (11.58)

and substituting (11.56) allows us to write (11.58) as

aml =

∫ 2π

0

e−jmφ

∫ π

0

f(θ, φ)Pm
l (cos θ) sin θ dθdφ . (11.59)

It was shown in [11] that for a function f(θ, φ) of bandwidth L, the integral in (11.59)
can be evaluated optimally using an Nθ = L point Gauss–Legendre quadrature rule
in θ, and an equally spaced Nφ = 2L + 1 point quadrature (such as Simpson’s rule)
in φ. However, we note that the bandwidth in the φ dimension scales as sin θ with a
maximum at θ = π

2 [10]. Thus, for each sample in θ, it is more efficient to choose
Nφ(θ) = Int(2L sin θ) + 1 samples in φ, where Int(x) is the largest integer less than
or equal to x.

11.3.4.2 Total Bandwidth

We can now determine the sample rate required to numerically integrate (11.19). Re-
ferring to Section 11.3.3, the transfer functions in region Rl have a bandwidth of

LT = kld+ β(kld)
1/3, (11.60)

and similarly, the radiation and receive functions have a bandwidth equal to

Lf = kld/2 + β(kld/2)
1/3. (11.61)

Thus, the total bandwidth of (11.19) is Ltot = LT + 2Lf . Following Section 11.3.4.1,
all transfer functions, as well as temporary aggregated and transmitted fields, are sam-
pled and stored usingNθ = Ltot points in θ andNφ(θ) = Int(2Ltot sin θ)+ 1 samples
in φ, for a total of Nk directions. Similarly, radiation and receive functions are sam-
pled using Nθ = Lf points in θ, and Nφ(θ) = Int(2Lf sin θ) + 1 samples in φ, for
a total of Nf directions. However, the radiation and receive functions are potentially
compressible, as we will see in Section 11.3.4.5.

11.3.4.3 Computation and Storage of Transfer Functions

The use of axis-aligned bounding cubes results in a set of vectors whose lengths are
multiples of the box edge lengthw in each cardinal direction. As a result, some vectors
will be repeated between group pairs, and in those cases only one transfer function
must be stored. Thus, transfer functions for only the unique vectors rab in each region
are computed and stored in vectors TL(kl, rab), each having length Nk. We also pre-
multiply the transfer functions by the quadrature weights ws(k̂) used for integration.
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11.3.4.4 Computation of Radiation and Receive Functions

The radiation and receive functions in Section 11.2.3 are computed for each region
separately. Inside each region, this is done on a per-cube basis, where we consider
only basis functions having support in that region. As a result, cubes having no support
in a region are considered empty and are assigned no radiation or receive functions. As
a region may be assigned only a subset of all basis functions, a global-to-local basis
function map is constructed, which is used to access the correct elements in the input
and output vectors in the matrix-vector product.

We continue using the rules outlined in Section 8.6 to enforce the required integral
equations on each interface. In general, there would be separate radiation functions for
the electric and magnetic basis functions. When using RWG functions, however, only
one radiation function is needed. Each testing function has two receive functions: one
to receive fields radiated by electric basis functions, and one to receive fields radiated
by magnetic basis functions.

For an individual cube C, the radiation and receive functions are stored in matrices
TJ,M
θ,φ and RJ,M

θ,φ . Each matrix has dimensions Nf × NC , where Nf is the number of
sample points and NC is the number of basis functions in C, and comprises a full-
or reduced-rank outer-product matrix (see Sections 9.1 and 9.6.1.2), depending on its
compressibility. As mentioned previously, TM

θ,φ = ηlTJ
θ,φ in region Rl when using

RWG functions, and only TJ
θ,φ is actually stored.

11.3.4.5 Compression of Radiation and Receive Functions

We recall from Section 9.5 that when basis functions are clustered into spatially local-
ized groups, and there are many closely-spaced RHS vectors, the RHS matrix blocks
are compressible. By analogy, the radiation and receive functions comprise similar
“RHS” blocks, where the RHS vectors now span the entire unit sphere. Therefore, it
is reasonable to assume that these functions are potentially compressible via the SVD
approach (Sections 9.1 and 11.3.2.1). We also note that because these functions rep-
resent far interactions, it should be possible to store them at reduced accuracy (via a
larger τSVD) without significantly affecting the solution accuracy.

To illustrate, let us again consider the PEC Sphere and EMCC Cone-Sphere from
Section 11.3.2.1. We again consider finest-level cube sizes of 0.25λ, 0.375λ, and
0.5λ, and for each cube, we sample the radiation and receive functions, each com-
prising a matrix of size Nf ×NC . We then perform an SVD compression to determine
their compressibility. In Figures 11.7a–11.7f are shown corresponding histograms of
the compression, in percent, of the radiation and receive functions in each cube, for
τSVD = 10−2. This τSVD was selected as it was found to deliver an excellent level of
compression without any significant effects on solution accuracy. Numerical examples
will demonstrate this later in Section 11.7.

As we saw when compressing the off-diagonal matrix blocks, the functions in some
cubes are not compressible as they have a small number of basis functions. However,
the compressibility is quite high overall and increases with cube size. Table 11.2 sum-
marizes the total size of the radiation and receive functions (in MB), in both com-
pressed and uncompressed form. We note that for both objects, the compressed size is
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relatively flat with respect to cube size. Table 11.3 summarizes the corresponding level
of compression in each case (in percent), which increases with cube size.

In practice, computation and storage of radiation and receive functions are simi-
lar to those of the off-diagonal matrix blocks: the matrices are filled in full and then
SVD-based compression is applied. If the compression is successful, we retain the
compressed version; otherwise, the full version is stored. Because the dimensions of
these matrices are typically small, this step is very fast and does not significantly in-
crease compute time.

Table 11.2: Size of Radiation and Receive Functions (MB)

PEC Sphere EMCC Cone-Sphere

0.25 λ 0.375 λ 0.5 λ 0.25 λ 0.375 λ 0.5 λ

Uncompressed 1290 1926 2362 313 404 517
Compressed 681 630 589 102 85 87

Table 11.3: Overall Compression of Radiation and Receive Functions (Percent)

PEC Sphere EMCC Cone-Sphere

0.25 λ 0.375 λ 0.5 λ 0.25 λ 0.375 λ 0.5 λ

73 83 87 84 90 92
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(f) Cone-Sphere, 0.5λ

Figure 11.7: Compression of Radiation and Receive Functions versus Cube Size
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11.3.5 Matrix-Vector Product
We now discuss computation of the matrix-vector product in (11.1) using the one-level
FMM, where the result vector x comprises the sum of near and far products in (11.5).
It was shown in [2] that the complexity of the one-level FMM is O(N3/2).

11.3.5.1 Near Product

The near product comprises a straightforward matrix-vector product between the near
matrix Znear and the right-hand side vector y. As the near matrix is stored in block
format, this operation is carried out most efficiently using Level 2 BLAS functions.
Because fast access to individual matrix blocks is critical, their pointers should be
stored in the CSR format (Section 11.6.1.2.1). As Znear is very sparse, the time spent
computing the near product is often less than the far product.

11.3.5.2 Far Product

To compute the far product, two complex vectors of length Nk are allocated for each
group. These vectors, denoted as tθ and tφ, store the θ̂ and φ̂ components of the
aggregated radiation functions. Two additional vectors sθ and sφ of length Nk are
allocated to provide temporary storage for the θ̂ and φ̂ components of the far fields
received by a group from all far groups. The one-level far product, summarized in
Algorithm 14, comprises an outer loop over all dielectric regions, where for each region
Rl there are two phases: an aggregation phase and a transfer/disaggregation phase.

Step 4 comprises a mapping of the global right-hand side vector y of length N to a
local vector ycj of length Nc, where Pcj is the global to local basis function mapping
for cube cj . This is performed by simply populating ycj with the correct elements from
y. In steps 14 and 15, the products TL(kl, rab) � tθck and TL(kl, rab) � tφck comprise
term-wise multiplication. Step 18 is a mapping of the local product vector xcj of length
Nc, to the global product vector x of length N . As in the aggregation step, this is
performed by simply adding to x the correct elements from xcj .

All operations in the aggregation phase must be completed before moving to the
disaggregation phase, and in general, two passes must be executed to yield the far
product. In the first pass, the fields due to only the electric basis functions are aggre-
gated and transferred. In the second pass, the fields due to the magnetic basis functions
are aggregated and transferred. During the disaggregation step, the appropriate elec-
tric or magnetic receive function, respectively, is used for each testing function. In the
purely conducting case, however, only one pass is required as there are no magnetic
basis functions.
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Algorithm 14 One-Level FMM Far Product

1: for all Regions Rl do
2: Aggregation Phase:
3: for all Non-Empty Cubes cj in Rl do
4: ycj = map(y, Pcj )

5: tθcj = TJ,M
θ,cj

ycj
6: tφcj = TJ,M

φ,cj
ycj

7: end for
8: Disaggregation Phase:
9: for all Non-Empty Cubes cj in Rl do

10: sθ = 0
11: sφ = 0
12: for all Non-Empty Cubes ck far from cj do
13: Find the TL(kl, rab) that transfers from ck to cj
14: sθ = sθ + TL(kl, rab)� tθck
15: sφ = sφ + TL(kl, rab)� tφck
16: end for
17: xcj = RJ,M

θ sθ + RJ,M
φ sφ

18: x = x + map(xcj , P
−1
cj )

19: end for
20: end for
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11.4 Multi-Level Fast Multipole Algorithm (MLFMA)
In the one-level algorithm, the number of transfers grows exponentially with the size
of the problem and the number of groups. Although the method offers an O(N3/2)
complexity and improved memory utilization, a complexity of O(N logN) can be ob-
tained with a multilevel algorithm [2, 12]. The Multi-Level Fast Multipole Algorithm
(MLFMA) extends the one-level algorithm by dividing the geometry recursively into
multiple levels with bounding cubes of progressively smaller size. As we will see,
clustering basis functions this way greatly reduces the number of transfers, further ac-
celerating the far product. However, there are some differences and subtleties that must
be handled properly for the multi-level algorithm to be effective, which we will discuss
in detail in this section.

11.4.1 MLFMA/SVD
So far in this chapter, we have paid significant attention to the block near matrix and its
compressibility via the SVD. We note that in the literature, though the block structure
was recognized by several authors [12, 13], it does not appear that computation and
storage of the near matrix was afforded special consideration. Most authors, such as
those in [1], note that the near matrix is computed and stored in the “usual way”, but
provide no other details on how this is done. Our approach herein, where off-diagonal
near matrix and preconditioner blocks are compressed via the SVD, is novel in the
literature and we denote it as MLFMA/SVD.

11.4.2 Spatial Subdivision and Clustering via Octree
Let us first consider what happens when we increase the size of the cubes in the one-
level algorithm. This reduces the number of transfers at the expense of increasing the
size of the near matrix, shifting more of the compute time to the near product. The
sampling rates on the unit sphere also increase, increasing the storage requirements of
the radiation, receive, and transfer functions. If we can devise a way to simultaneously
use large and small groups, we can store the radiation and receive functions at a lower
sample rate, while simultaneously reducing the number of transfers. The answer to
this problem lies in a recursive subdivision of the geometry, based on the cube-based
clustering strategy of the one-level FMM in Section 11.3.1. Using a tree-based scheme,
larger groups can be divided into recursively smaller groups with a clear parent-child
relationship. An excellent choice for this is the octree [14], a data structure commonly
used in computer graphics. To generate an octree, the object is first enclosed in a single
large cube. This cube is then divided into eight smaller cubes, which are themselves
divided into eight smaller cubes, and so on, as illustrated in Figure 11.8. This approach
is very similar to the one-level algorithm, where now the basis and testing functions
are sorted and assigned to cubes on each level. The assignment process is very fast as
only those basis functions assigned to a parent are assigned to its children. The cubes
on the finest level of the tree are called leaf cubes.

Our approach herein is to fix the size w of the smallest cubes at some fraction of a
wavelength in R0, such as λ0/2 or λ0/4. This length is then doubled until it exceeds
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(a) Octree Level 1 (b) Octree Level 2 (c) Octree Level 3

Figure 11.8: Octree Levels 1–3

the maximum dimension of the object’s bounding box, thus definingw for the top-level
cube.

On levels 1 and 2, all groups are near groups. Starting at the next coarsest level
(level 3), all near and far groups are identified as usual. On the finer levels, only the
children of groups in the near zone of a parent group (see Section 11.3.1.1) are consid-
ered as candidate near and far groups for that parent’s children. This greatly reduces
the average number of far groups for each cube, and limits the number of unique trans-
fer vectors to a maximum of 316 on each level. This is especially advantageous as the
number of transfers can be very high in larger problems. As in the one-level algorithm,
cubes that are non-empty in one region may be empty in another.

11.4.3 Near Matrix and Near Product
In the MLFMA, the nonzero part of the near matrix is defined by the near groups on the
finest level of the octree. The near matrix is computed and stored in the same manner
as in the one-level FMM in Section 11.3.2. The same is true for the near product, which
is carried out as described in Section 11.3.5.1.

11.4.4 Unit Sphere Sampling Rates
Transfer functions are computed for all unique transfer vectors (a maximum of 316)
on octree levels l ≥ 3, where cubes have a bounding diameter dl, and the number
of multipoles L is computed via (11.51) and limited for closer groups as in Section
11.3.3.1. As the number of transfer functions per level is limited, their memory impact
is relatively small. Thus, they are sampled and stored at the rate Nk,l used for integra-
tion on each level, and do not need to be interpolated. Radiation and receive functions
are computed and stored at the sample rate Nf on the finest level of the octree fol-
lowing Section 11.3.4.4, where the bandwidth (11.61) depends on the diameter of the
leaf cubes. A consequence of this choice is that these functions must be interpolated
and phase shifted when moving between levels, as discussed in the following sections.
The sample rates in θ and φ dimensions are computed following Section 11.3.4.2, with
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some oversampling in each dimension to minimize interpolation errors (see Section
11.4.6).

11.4.5 Far Product
The far product in the MLFMA operates on levels l ≥ 3 in the octree. As in the
one-level algorithm, the MLFMA comprises two phases: an aggregation phase and a
transfer and disaggregation phase. However, the one-level algorithm must be extended,
as the radiation and receive functions are stored on the finest level of the tree. In the
aggregation phase, an upward pass is made through the octree, where radiation func-
tions in each group are aggregated and passed up to their parents using interpolation
and phase shifting. In the disaggregation phase, a downward pass is made through the
octree, where transfers are made between all far groups and the received fields passed
down to child groups through a combination of integration on the sphere, phase shift-
ing, and “reverse interpolation” (anterpolation). The transfer scheme in the MLFMA
is illustrated in Figures 11.9–11.11. Figure 11.9 depicts the transfers between groups
on one of the coarser levels. On the next highest level in Figure 11.10, the far groups
are children of groups that were considered near on the previous level. This is further
emphasized on the finest level in Figure 11.11, where the number of transfers is now
far less than it would have been in a one-level algorithm. We will now describe each
phase in detail.

Local groupFar groups

Near groups

Figure 11.9: Transfers On MLFMA Level M − 2
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Figure 11.10: Transfers On MLFMA Level M − 1
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Figure 11.11: Transfers On MLFMA Level M
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11.4.5.1 Upward Pass (Aggregation)

The aggregation phase comprises a recursive, upward pass through the tree. We begin
on the finest level, where fields are aggregated in all leaf cubes following steps 3-7 in
Algorithm 14. The aggregated field vector tθ,φc for cube c is computed via the matrix-
vector product

tθ,φc,l = WNk,l

Nf
Tθ,φ,c yc , (11.62)

where WNk,l

Nf
is an interpolation matrix of size Nk,l ×Nf that upsamples from the rate

Nf of the radiation/receive functions to the rate Nk,l used for integration on level l.
Thus, tθ,φc,l , comprises a vector of length Nk,l. As the θ and φ component vectors are
handled separately, we will defer that notation until the end of the disaggregation step
and simply refer to vector tc,l.

It should be noted that the choice of upsampling to the rate Nk,l is not arbitrary.
It was found through numerical experimentation that the aggregation phase requires
much less compute time than the transfer and disaggregation phase. Thus, immediately
upsampling to this rate during the upward pass has little overhead, and avoids multiple
interpolations at intermediate sample rates and their corresponding interpolation error.

On coarser levels, the aggregated field in each group comprises a sum of interpo-
lated and phase-shifted aggregated fields from their children. To illustrate, consider a
basis function located at r′ and assigned to cube c, centered at rc. Following (11.23),
its radiation function Tl(k̂) on level l can be written as

Tl(k̂) = ejkk̂·(r′−rc) . (11.63)

This function can be passed up to the parent cube p on level l − 1 via a phase shift,
yielding a new radiation function Tl−1(k̂) given by

Tl−1(k̂) = Tl(k̂)ejkk̂·(rc−rp) = Tl(k̂) ψ(rp, rc, k̂) (11.64)

where the phase shift function ψ(rp, rc, k̂) is

ψ(rp, rc, k̂) = ejkk̂·(rc−rp). (11.65)

Applying this phase shift, however, causes a bandwidth increase. Thus tc,l must be first
upsampled to the rate Nk,l−1 on level l − 1, then phase shifted before being added to
the aggregated field vector tp,l−1 of parent cube p. Doing so, can now write tp,l−1 as a
sum over all nonempty child cubes, yielding

tp,l−1 =
∑
c

ψ(rp, rc, k̂)�
[
WNk,l−1

Nk,l
tc,l
]
, (11.66)

where the phase shift in (11.65) is sampled at Nk,l−1 directions. As we use the octree
in the MLFMA, there are a total of 8 child-to-parent shift vectors per level, which are
precomputed and stored with little overhead.
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11.4.5.2 Downward Pass (Disaggregation)

The disaggregation phase comprises a recursive, downward pass through the tree. To
illustrate, let us first consider an MLFMA with only two levels: a coarse level (level
l − 1) and a fine level (level l). We begin with a single parent group p on the coarse
level, and following steps 12-16 in Algorithm 14, we transfer the aggregated fields in
all far groups to this one, yielding the local field vector sl−1. We now disaggregate this
field with the receive functions Rc,l in a single child cube c on level l. To do so, we
must first upsample and phase shift the receive functions on the finer level. Following
the same approach as in the upward pass, this operation can be written as

xc,l−1 =
[
WNk,l−1

Nk,l
WNk,l

Nf
Rc,l

]T [
ψ∗(rp, rc, k̂)� sl−1

]
, (11.67)

where after transposition the first term on the right-hand side is a matrix of size Nc,l ×
Nk,l−1, and we have used the conjugate of (11.65) and re-ordered terms so the phase
shift is applied to sl−1. Now consider child cube c, which has its own local field sl
transmitted from all far groups on level l. The disaggregation step on this level can be
written as

xc,l = RT
c,lsl (11.68)

and the output vector xc for cube c is therefore

xc = xc,l−1 + xc,l . (11.69)

It is clear that if there are many levels, repeated upsampling of the receive functions
will yield a very inefficient algorithm. However, if we use the commutative property
(AB)T = BT AT , the operations in (11.67) can be reordered, yielding

xc,l−1 = RT
c,l[W

Nk,l

Nf
]T [WNk,l−1

Nk,l
]T
[
ψ∗(rp, rc, k̂)� sl−1

]
, (11.70)

where the matrix operations are carried out pairwise right to left. This operation still
upsamples RT

c,l to the rateNk,l−1 on level l−1, but with a reversed order of operations.
In the literature, this is often referred to as adjoint interpolation or anterpolation [2],
though this author prefers the term reverse interpolation in this context.

Following (11.70), the disaggregation can now be done on level l, exclusively,
where xc can be written as

xc = RT
c,l

[
sl + [WNk,l

Nf
]T a
]
, (11.71)

which comprises disaggregation with the received fields sl on level l and the anterpo-
lated fields a from the parent group on level l − 1, given by

a = [WNk,l−1

Nk,l
]T
[
ψ∗(rp, rc, k̂)� sl−1

]
. (11.72)

Finally, we recall from Section 11.4.5.1 that there are θ and φ-polarized field vectors,
which are processed separately during both passes. Therefore, at the bottom of the
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downward pass, there will exist four field vectors sθ,φl and aθ,φ, which must be multi-
plied with the appropriate receive functions. Thus, (11.71) becomes

xc = RT
θ,c,l

[
sθl + [WNk,l

Nf
]T aθ
]
+ RT

φ,c,l

[
sφl + [WNk,l

Nf
]T aφ
]
. (11.73)

The disaggregation process can be generalized in a straightforward way to a tree
with many levels. We begin on the coarsest level (level 3), and for an individual cube
p, we perform transfers from all far groups, and as this is the coarsest level, there are
no anterpolated fields. We then recurse into each child cube, where on the next finest
level (4) we again perform transfers from all far groups. To the local field we now add
the anterpolated fields from the parent group. This recursion continues until the finest
level is reached, where (11.73) is evaluated. This yields a local output vector which is
remapped and added to the global output vector. This process is then repeated for all
other cubes on the coarsest level, completing the downward pass.

11.4.6 Interpolation Algorithms
The interpolation steps in the MLFMA comprise a significant portion of the far multi-
ply time, particularly in the downward pass. Thus, we must make interpolation as fast
as possible while minimizing the interpolation error. In this section we will discuss
several different interpolation algorithms and their implementation.

11.4.6.1 Statement of the Problem

Given a function f(θ, φ) on the unit sphere, let us computeNk1 = Nθ1 ×Nφ1 samples
and store them in vector s1. The interpolation problem involves computing a new vector
s2 at a different sample rate Nk2 = Nθ2 × Nφ2 using only the values from s1. This
interpolation can be written as the matrix-vector product

s2 = Ws1, (11.74)

where W is an interpolation matrix of size Nk2 × Nk1 . If Nk2 > Nk1 , this operation
upsamples s1, and if Nk2 < Nk1 it downsamples s1.

Interpolation methods fall into one of two general categories: global or local. In a
global interpolation, the matrix W is full and each sample in s2 is computed using all
samples in s1. If f(θ, φ) is bandlimited, this interpolation can be exact if it is sampled
at or above the Nyquist rate. In a local interpolation, W is sparse and each sample in
s2 is computed from a subset of s1. Local interpolations do not typically yield exact
results, however they are often much faster, and their error can be controlled. In our
implementation of the MLFMA, we use a local interpolation based on Lagrange poly-
nomials, but we will also briefly consider global interpolation via spherical harmonics,
which is useful in other areas of electromagnetics.

11.4.6.2 Global Interpolation by Spherical Harmonics

As we discussed in Section 11.3.4.1, if f(θ, φ) is bandlimited, it can be decomposed
into a sum of spherical harmonics (11.55) with the coefficients aml defined in (11.58).
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Once the coefficients are calculated, the value f(θp, φp) can be computed as

f(θp, φp) =
L∑

l=0

l∑
m=−l

aml Y
m
l (θp, φp) . (11.75)

If we now substitute (11.58) into (11.75), this yields

f(θp, φp) =

L∑
l=0

l∑
m=−l

Y m
l (θp, φp)

Nk1∑
q=1

wqY
m∗
l (θq, φq)f(θq, φq) , (11.76)

where the original function f(θ, φ) is sampled at Nk1 points, and wq is the quadrature
weight on the unit sphere. Exchanging the order of the summations allows us to write

f(θp, φp) =

Nk1∑
q=1

wq

L∑
l=0

l∑
m=−l

Y m∗
l (θp, φp)Y

m
l (θq, φq)f(θq, φq) , (11.77)

which can be re-written as

f(θp, φp) =

Nk1∑
q=1

Wpqf(θq, φq) , (11.78)

where the matrix elements Wpq are

Wpq = wq

L∑
l=0

l∑
m=−l

Y m∗
l (θp, φp)Y

m
l (θq, φq) . (11.79)

As the matrix W is full, it is not optimal for interpolation in the MLFMA. For many
other applications, however, it is efficient to store the coefficients and perform a recon-
struction via (11.75). For example, this method is used in geopotential models of the
Earth’s gravitational field, allowing a fast and accurate reconstruction of the gravita-
tional potential at any latitude or longitude. Two such models are the World Geodetic
System 1984 (WGS84) [15] and the Earth Gravitational Model 1996 (EGM96) [16].

11.4.6.3 Local Interpolation by Lagrange Polynomials

Lagrange polynomials are an effective means of creating a very sparse interpolator with
local support. Given N samples of a function f(x), this method generates a unique
polynomial of orderN − 1 that interpolates those samples. New values f(x′) can then
be computed as

f(x′) =
N∑
i=1

wi(x
′)f(xi) , (11.80)

where the weights are

wi(x
′) =

(x′ − x1) · · · (x′ − xi−1)(x
′ − xi+1) · · · (x′ − xN )

(xi − x1) · · · (xi − xi−1)(xi − xi+1) · · · (xi − xN )
, (11.81)
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Figure 11.12: 3× 3 Lagrange Interpolation Stencil

or

wi(x
′) =

N∏
k=1
k �=i

x′ − xk
xi − xk

. (11.82)

Interpolation on the unit sphere uses an N × N interpolation stencil, as illustrated
in Figure 11.12 for N = 3. In this case, the interpolation matrix W will have nine
nonzero columns per row. This yields a very sparse interpolation, as there may be
hundreds (or thousands) of sample points on the unit sphere. The use of a quadratic
or cubic interpolator (N = 3 and N = 4, respectively) can provide reasonable results
with small error, provided that the function is oversampled. An error analysis of this
method is presented in [17]. In this author’s experience, a 3 × 3 Lagrange stencil,
with an oversampling factor of 2 in the θ and φ dimensions, yields sufficient accuracy.
A similar investigation was also performed by other authors [18]. We also note that
while the oversampling of functions increases the operation count in the upward and
downward pass, it does not significantly affect the storage requirements of the radiation
and receive functions, as they are stored in compressed form.

11.4.6.3.1 Storage of Interpolation Matrix

As the matrix W is very sparse, the CSR format (Section 11.6.1.2.1) is an ideal stor-
age container. We note that the interpolation comprises a matrix-vector product of the
form b = Wa, and as the elements in W are in row-major format, they can be accessed
linearly. This is an ideal memory access pattern. However, the elements in a are not ac-
cessed linearly because elements comprising the rows of the stencil are not completely
contiguous in memory. Thus, cache misses may cause the CPU to stall while waiting
for data from RAM. The same also occurs when performing anterpolations using WT .
As the anterpolations in the downward pass comprise a significant portion of the com-
pute time in the far product, special attention should be paid to optimizing the storage
format and memory-access patterns for the target processing architecture [19, 20].
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11.5 Preconditioners
The concept of preconditioning was introduced in Section 4.2.7. Preconditioners have
several nontrivial sources of overhead, including setup time, storage, and solve time
per matrix-vector product, all of which should be minimized when possible. As only
the near matrix is available explicitly in the FMM, we will consider preconditioners
designed specifically for sparse matrices.

As discussed previously in Section 4.2.7, given a matrix A the preconditioner ma-
trix M should approximate A in some way. Our approach herein is based on the idea
that as M is only an approximation, it does not need to be as accurate as A to be ef-
fective. Thus, for an MoM matrix A with compressed off-diagonal blocks, we will
also compress the off-diagonal blocks in M but at reduced accuracy. This will reduce
the storage requirements for M, and accelerate the preconditioner solve time as many
blocks will be in compressed form. Numerical examples in Section 11.7 will show the
effectiveness of this approach.

11.5.1 Information Content
The FMM near matrix is very sparse, representing only the interactions between the
closest basis functions. Thus, only a limited amount of information is available for
computing a preconditioner. Intuitively, we expect that as we decrease the size of
groups on the finest MLFMA level, the information in the near matrix will also be re-
duced, making the preconditioner less effective. Therefore, the groups must be large
enough so that the preconditioner remains effective, while minimizing the storage re-
quirements of the near matrix, as well as the radiation and receive functions.

11.5.2 Diagonal Preconditioner
The diagonal or Jacobi preconditioner is the simplest form of preconditioner and is
useful for illustrating the preconditioning concept. The elements of the diagonal pre-
conditioner matrix M are

Mij = Aij i = j , (11.83)

and
Mij = 0 i �= j . (11.84)

We note that if we reduce the finest group size to a single basis function, the FMM
near matrix now comprises only the diagonal. As noted in Section 11.5.1, the informa-
tion content of the diagonal is quite small, and in practice this preconditioner is rarely
effective.

11.5.3 Incomplete Block LU (ILU) Preconditioners
In this section we will consider several incomplete block LU (ILU) preconditioners.
An ILU factorization of a sparse matrix A results in a sparse upper triangular matrix
U and sparse lower unit triangular matrix L, with a residual matrix R = LU − A that
satisfies certain criteria [21]. In our approach, some off-diagonal blocks of the LU
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matrix are compressed using the SVD, following the block LU factorization specified
in Algorithm 7. The primary differences between these preconditioners lies in the
presumed zero patterns of A and the LU matrix, as well as the amount of fill-in.

11.5.3.1 Block Diagonal

The block diagonal preconditioner, previously reported in [2, 12], is constructed using
only the diagonal blocks of A. Thus, for a 3 × 3 block matrix A, the factorization
LU(M) is simply

LU(M) =

⎡
⎣ LU(M11) 0 0

0 LU(M22) 0
0 0 LU(M33)

⎤
⎦ , (11.85)

where each diagonal block is factored independently. Note that this preconditioner also
uses very little information from A and, as numerical examples will later show, is rarely
effective in practice.

11.5.3.2 Block ILU with Zero Fill-In (ILU(0))

We next consider an incomplete block LU factorization with no fill-in, denoted as
ILU(0), where the LU matrix has the same zero pattern as A [21]. This precondi-
tioner can be computed via Algorithm 7, where all fill-in blocks are simply ignored.
For the off-diagonal near matrix blocks we would use τSV D = 10−4, and for the L and
U blocks we instead use τSV D = 10−3 or 10−2. This choice is based on the idea that
an approximation of the LU matrix produced by ILU(0) will perform almost as well as
LU, while requiring less storage space.

11.5.3.3 Block ILU with Threshold (ILUT)

We can improve ILU(0) significantly by allowing fill-in blocks. The scalar approach by
Saad in [21] computes the LU matrix by row, applying a dropping rule to the elements
in each row based on their amplitude relative to the 2-norm of the row, as well as
limiting the maximum number of elements per row. As Algorithm 7 operates on blocks
and not individual elements, this approach cannot be applied directly, but we will use
a similar strategy. First, we update all trailing row and column blocks for diagonal b.
Pre-existing (non fill-in) blocks are compressed using a similar τSV D as in the ILU(0),
whereas fill-in blocks are compressed using a less accurate τSVD = 10−2 or 10−1 and
are added to a temporary storage space. After the update is complete, we compute the
matrix norm ‖Z‖1 for all blocks on row b and column b, including the fill-in blocks, and
retain the maxima. We then drop all temporary fill-in blocks whose norm is less than
a threshold τILUT times the maximum row or column norm, where τILUT = 10−4

or 10−3. The remaining fill-in blocks are added to secondary CSRMatrix structures
(see Section 11.6.1.2), so that they can be accessed quickly during subsequent row
and column updates. As these comprise a single trailing row or column of blocks,
which progressively moves to the right, they can be appended to an existing CSRMatrix
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with little performance penalty. Once the factorization is complete, these blocks are
combined with all other LU matrix blocks in a new, single CSRMatrix structure.

Our choices of τSV D and τILUT should yield a compressed LU matrix that yields
roughly the same improvement in iterative solver convergence as an uncompressed ma-
trix, but with a smaller memory footprint. This will be examined and shown to be true
in Section 11.7.8. It is also expected that with the added fill-in blocks, preconditioner
compute time, memory requirements, and solve time will be greater than ILU(0). As
we will see, our choice of τSV D for the fill-in blocks greatly minimizes the memory
requirement.

11.5.4 Sparse Approximate Inverse (SAI)
Let us now consider a preconditioner matrix M constructed by minimizing the Frobe-
nius norm of the residual matrix, given by

F (M) = ||I − AM||2F , (11.86)

for right-preconditioning. In this sense, M is called a sparse approximate inverse (SAI).
The minimization problem can be decoupled into the sum of the squares of the 2-norms
of the columns of the residual matrix, which is

||I − AM||2F =

N∑
n=1

||en − Amn||22 , (11.87)

where en and mn are the columns of I and M, respectively. The right-hand side of
(11.87) comprises N independent least-squares subproblems, which can be solved in
parallel.

As the FMM near matrix is sparse, we must also determine a sparsity pattern for
M. Some treatments in the literature find this pattern through heuristic algorithms, or
iterative refinement. In some cases, the elements in A are first down-selected (filtered)
based on certain criteria (such as amplitude), yielding a further sparsified matrix Ã
used to build M. Approaches specifically tailored to the FMM problem such as those
in [22, 23, 24] use the block structure of the near matrix to determine the pattern. Our
approach herein assumes that M has the same zero pattern as A.

Saad [21] suggests solving for each column in (11.87) using a few iterations of a
solver such as GMRES, which can be made fast by using sparse vectors and performing
the matrix-vector product in a sparse-sparse mode. As the FMM near matrix is stored
in block form, where some off-diagonal blocks are compressed, we will instead use a
dense factorization.

11.5.4.1 Dense QR Factorization

We now consider the computation of an SAI preconditioner matrix M having the same
the sparsity pattern as A. For a block matrix with M block rows and columns, this
requires solving M least-square problems of the form

AM∗k = Ek (11.88)
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in the least-squares sense, where M∗k is block-column k of M, and Ek is a block-
column comprising the identity matrix in block row k and zero otherwise. To illustrate,
consider a 9× 9 sparse block matrix given by

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11 A12 0 0 A15 0 0 0 0
A21 A22 0 A24 0 0 0 A28 0
0 0 A33 0 0 A36 0 0 A39

0 A42 0 A44 0 0 A47 0 0
A51 0 0 0 A55 0 0 0 0
0 0 A63 0 0 A66 0 A68 0
0 0 0 A74 0 0 A77 0 0
0 A82 0 0 0 A86 0 A88 A89

0 0 A93 0 0 0 0 A98 A99

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (11.89)

which is a simple but realistic representation of the FMM sparse near matrix. As each
block column of M is computed independently of the others, let us compute block
column M∗4. In this case, the nonzero block rows of M∗4 comprise rows 2, 4, and
7, which multiply block columns 2, 4, and 7 of A in the matrix-vector product in
(11.88). Retaining only these block rows of M∗4 and columns of A allows us to write
the matrix-vector product as⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A12 0 0
A22 A24 0
0 0 0

A42 A44 A47

0 0 0
0 0 0
0 A74 A77

A82 0 0
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎣M24

M44

M74

⎤
⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
I
0
0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (11.90)

We note that many of the block rows in (11.90) are zero. Removing these rows from
both sides, we are left with

ÃM̃ = Ẽ =

⎡
⎢⎢⎢⎢⎣

A12 0 0
A22 A24 0
A42 A44 A47

0 A74 A77

A82 0 0

⎤
⎥⎥⎥⎥⎦
⎡
⎣M24

M44

M74

⎤
⎦ =

⎡
⎢⎢⎢⎢⎣
0
0
I
0
0

⎤
⎥⎥⎥⎥⎦ , (11.91)

which comprises a dense, overdetermined system. This can be solved in the least-
squares sense using a QR factorization, such as the LAPACK function cgels. As
each block column M∗k is independent, this is easily parallelized using threads.

When computing the block column M∗k, it is straightforward to construct Ã by
copying full matrix blocks or expanding compressed blocks from A into Ã. After we
have solved for M̃, the corresponding blocks in M can be populated. Diagonal blocks
are stored in full form, and an attempt is made to compress off diagonal blocks. As
with the near matrix, if the compression succeeds, we retain the compressed version,
otherwise the full version is stored.
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11.6 Software Implementation Notes
In this section, we discuss some elements of how the MLFMA/SVD was implemented
in our Serenity MoM solver. As with the ACA/MLACA, the techniques presented here
are suggestions based on the author’s experience.

11.6.1 Software Class Support
In this section we will discuss some of the software classes implemented in support of
the MLFMA. Fortunately, some of the classes written previously for the ACA can be
reused as-is, or with only minor modifications.

11.6.1.1 Element Engine Class

The ElementEngine class from Section 9.6.1.1 needs no modifications for filling
near-matrix blocks, as groups constructed using the octree (FMM) or K-means (ACA)
are functionally identical if using the same data structures.

11.6.1.2 Sparse Block Matrix Class

The BlockMatrix class described in Section 9.6.1.2 is not optimal for storing the
FMM near matrix. In the ACA, the groups are very large and may number several
hundred to a thousand, whereas in the FMM the groups are much smaller and there
may be tens (or hundreds) of thousands of groups. Thus, for M groups, a row-major
array of size M ×M is not a viable approach for storing pointers to the near matrix
blocks.

To solve this problem, we derive a new class from BlockMatrix. The new
SparseBlockMatrix class stores block pointers in two different ways. During
matrix filling, pointers are stored in a std::map C++ STL container using the block
row sr and column sc as the key. When filling is complete, a new structure is built
that facilitates fast access to blocks via getBlock(sr, sc), because std::map
is less efficient in that role. This structure is the Compressed Sparse Row (CSR) format,
described in the following section.

11.6.1.2.1 Compressed Sparse Row Format

The Compressed Sparse Row (CSR) format [21] is a popular and efficient way to store
any sort of sparse matrix data. To illustrate, consider the sparse integer matrix A defined
as

A =

⎡
⎢⎢⎢⎢⎣
1 2 0 0 0
3 4 5 0 0
0 6 7 8 0
0 0 9 10 0
0 0 0 0 11

⎤
⎥⎥⎥⎥⎦ , (11.92)
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which is a 5 × 5 matrix with Nz = 11 nonzero entries. The CSR representation for A
comprises three vectors a, j, and i, which in this case are

a =
[
1 2 3 4 5 6 7 8 9 10 11

]
, (11.93)

j =
[
1 2 1 2 3 2 3 4 3 4 5

]
, (11.94)

and
i =
[
1 3 6 9 11 12

]
. (11.95)

Vector a is of length Nz and contains the nonzero elements of A, stored row by row.
Vector j is also of length Nz and contains the column indices of the matrix elements
in a. Vector i has length N + 1 and stores the offsets to each row in a and j, allowing
fast access to the start and end of each row. The last element of i contains an offset
to the fictitious row m = N + 1, allowing a fast lookup of the number of nonzero
columns for each row. Note that as the rows and columns are sorted, we can quickly
find matrix element Amn by performing a binary search for column n within positions
i(m) to i(m+ 1)− 1 in vector j.

11.6.1.3 FMM Region Class

The FMMRegion class is responsible for computing and storing all radiation, receive
and transfer functions in a dielectric region. It also implements routines that perform
the upward and downward passes in the MLFMA and maps between global and local
basis-function vectors.

11.6.1.4 FMM Octree Class

The FMMOctree class groups basis functions recursively using the octree, and pro-
vides this data to the ElementEngine class for computing the near matrix blocks
and to the FMMRegion class for computing radiation and receive functions for each
group/cube. It also finds all near and far groups and unique transfer vectors on each
octree level, information used by the FMMRegion class in performing the upward and
downward passes.

11.6.2 Shared Memory Processing
Our implementation in Serenity is for shared memory systems, performing all opera-
tions in parallel on the CPU using POSIX Threads. For all level 2 BLAS functions and
the SVD, the CPU-optimized Intel MKL BLAS and LAPACK libraries are used.

11.6.2.1 FMM CPU Thread Class

The FMMCPUThread class performs a variety of setup tasks as well as the matrix
solution in parallel on the CPU. These operations are described in more detail in this
section.
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11.6.2.1.1 Near Matrix Filling

When filling the near matrix, each thread computes matrix blocks asynchronously from
other threads, choosing from near matrix blocks that are not yet filled.

11.6.2.1.2 Radiation, Receive and Transfer Functions

Computation of the transfer, radiation, and receive functions in each region is paral-
lelized by assigning unique transfer vectors or cubes to threads.

11.6.2.1.3 Preconditioner Matrix

Construction of the ILU(0) or ILUT preconditioner follows Section 11.5.3, and repur-
poses the code written for the ACA LU factorization described in Section 9.6.2.1. Key
differences include the additional code needed to handle the fill-in blocks, which are
not present in the ACA block matrix. Construction of the SAI preconditioner follows
the dense QR factorization outlined in Section 11.5.4.1, where each thread computes
block columns of M asynchronously from other threads, choosing from columns not
yet processed.

11.6.2.1.4 Parallelization of Matrix-Vector Product

We have identified two strategies for parallelizing the matrix-vector product, as dis-
cussed in this section.

In the first method, each CPU thread is assigned a small, contiguous portion of all
right-hand sides, which they solve asynchronously from other threads. In radar cross
section problems with many incident angles, this approach is more efficient as the an-
gles in each portion are often closely spaced, and the reuse of solution vectors from
previous angles is more effective in reducing iteration count. However, this approach
requires a separate MLFMA workspace for each CPU thread, increasing the total mem-
ory requirements. Additionally, iteration count is not always the same between angles,
so some threads often finish their portion before the rest and go idle.

In the second method, all threads participate in the solution of each RHS, with each
thread performing some portion of the calculation. Thus, thread synchronization is
kept to a minimum. The near product is easily done in parallel by assignment of the
block rows of Znear to individual threads. We next consider the upward and downward
passes. We start both passes on the coarsest octree level (l = 3), and note that the
computations for each cube, and their children, can be done independently of other
cubes if the upward pass is completed prior to starting the downward pass. Therefore,
both passes can be performed in parallel asynchronously, with each thread starting
on the coarsest level and selecting from cubes not already processed for that pass. A
barrier is needed at the end of the upward pass to ensure that the aggregated fields
across all levels have been computed. We note that on level l = 3 there are at most 64
cubes, and therefore this second method does not scale past 64 threads.
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11.6.2.1.5 MLFMA Workspace Management

For the upward pass (aggregation), two complex vectors of lengthNk,l are required for
each group on levels l ≥ 3 to store the θ- and φ-polarized aggregated fields. For the
downward pass (disaggregation), two vectors of lengthNk,l are required for each level
l ≥ 3 for storing the θ- and φ-polarized sum of anterpolated/received fields along the
recursive path.

11.7 Numerical Examples
In this section we will compute the radar cross section of several test articles using
our Serenity MoM solver, which implements the MLFMA using the techniques out-
lined in this chapter. We again consider conducting, dielectric, and coated spheres,
EMCC benchmark targets, and the monoconic RV with dielectric nose, again with
larger electrical sizes than in prior chapters. We will also analyze the performance of
the preconditioners presented in Section 11.5.

11.7.1 Compute Platform
Computations in this section were carried out on the Dell workstation previously de-
scribed in Section 8.8.2.

11.7.2 Run Parameters
All triangle meshes were constructed with at least 10 edges per wavelength in each
dielectric region. The CFIE is applied on closed conductors with α = 0.5, and PM-
CHWT applied to dielectric interfaces. For the examples in Sections 11.7.3–11.7.6, the
finest-level cube size in the octree is λ0/2. For SVD compression of radiation and re-
ceive functions, τSVD = 10−2, and for the near matrix, τSV D = 10−4. For each case
an ILUT preconditioner is built, with τSV D = 10−3 for existing off-diagonal blocks,
τSVD = 10−1 for fill-in blocks, and a block drop tolerance τILUT = 10−4. For the
iterative solution, GMRES iteration is used, with a residual tolerance ε = 10−3.

11.7.3 Spheres
In this section we will consider the bistatic RCS of conducting, fully dielectric, and
coated spheres, having the same dimensions as the spheres in Section 8.8.3.

11.7.3.1 Conducting Sphere

We first consider a conducting sphere with a radius of 0.5 meters at frequencies of
0.75, 1.5, 3.0, 6.0, 12.0 and 24.0 GHz. For the MoM simulation, we use facet models
comprising 5120, 20480, 81920, 327680, 1310720, and 5242880 triangles, resulting
in 7680, 30720, 122880, 491520, 1966080, and 7864320 unknowns, respectively. The
bistatic RCS from the MLFMA is compared to the Mie series in Figures 11.14a–11.14f
and 11.15a–11.15d. The comparison is very good at all frequencies.
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11.7.3.2 Dielectric Sphere

We next consider a lossless dielectric sphere (εr = 2.56) with a radius of 0.5 meters
at frequencies of 3.0, 6.0, and 12.0 GHz. For the MoM simulation, we re-use the facet
models from Section 11.7.3.1, however there are now an equal number of magnetic
basis functions, resulting in 245760, 983040 and 3932160 basis functions at 3.0, 6.0
and 12.0 GHz, respectively. The bistatic RCS from the MLFMA is compared to the
Mie series in Figures 11.16a–11.16d, where the comparison is very good. At 12.0 GHz,
there is a slight disagreement between 30 and 60 degrees in the VV-pol data, which is
not seen in the HH-pol results. The cause of the discrepancy is not known.

11.7.3.3 Coated Sphere

We next consider the lossless coated sphere (εr = 2.56) at 3.0, 6.0 and 12.0 GHz.
At 3.0 GHz, the surface meshes for the conducting core and the coating comprise
20480 and 81920 triangles, resulting in 153600 electric and 122880 magnetic basis
functions, respectively, for a total of 276480 unknowns. At 6.0, they comprise 81920
and 327680 triangles, yielding 614400 electric and 491520 magnetic basis functions,
for a total of 1105920 unknowns. Finally, at 12.0 GHz, they comprise 327680 and
1310720 triangles, yielding 2457600 electric and 1966080 magnetic basis functions,
for a total of 4423680 unknowns. The bistatic RCS from the FMM is compared to the
Mie series in Figures 11.17a–11.17d, where the comparison is again very good at all
frequencies.

11.7.4 Thin Square Plate
We next consider a thin, square conducting plate having a length and width of 1 me-
ter at 1.0, 2.0, 4.0, 8.0, and 16.0 GHz. For the MoM simulation, facet models with
12288, 49152, 196608, 786432, and 3145728 facets are used, resulting in 18560,
73984, 294400, 1178624, and 4716544 unknowns, respectively. The results from the
MLFMA are compared to those from the single-level ACA for horizontal polarization
in Figures 11.18a–11.18e, where the results are nearly indistinguishable.

11.7.5 Monoconic Reentry Vehicle
Next, we will examine the monoconic RV with lossless dielectric nose, previously
considered in Section 10.4.4, and we will compare the results from the MLFMA with
those from the MLACA (L = 3). We compute the monostatic RCS at 14.0, 16.0, 20.0,
and 24.0 GHz, using facet models having 1065932, 1167268, 2206972, and 3252068
triangles, respectively. These comprise the total number of facets used for the nose,
base and septum interfaces, resulting in a total of 1645768, 1799000, 3403364, and
5022318 unknowns, respectively. The results are compared for vertical and horizon-
tal polarizations in Figures 11.19a–11.19h, where the comparison is very good at all
frequencies.
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(a) Front View

(b) Rear View

Figure 11.13: Business Jet

11.7.6 Business Jet
Finally, we consider a business jet, depicted in Figures 11.13a and 11.13b from front
and rear viewing angles, respectively. The jet has a length of 17.6 meters (60 feet), a
wingspan of 16.2 meters (53 feet), and a height of 3.8 meters (12 feet). The original
model was obtained from an Internet database of freely available 3D models. To sim-
plify the meshing process, the model was converted to a closed, conducting surface by
removing features such as the windows and landing gear, and by closing off the engine
nacelles. The model was then oriented in the xy plane, with the nose aligned along the
+x axis.

We compute the monostatic RCS in the xy plane for azimuthal angles φ from 0
to 180 degrees, at frequencies of 0.6, 1.2, 1.8 and 2.4 GHz. In support, facet models
were constructed with 430392, 1606124, 3555630, and 6039472 triangles, resulting in
645588, 2409186, 5333445 and 9059208 unknowns, respectively. The results from the
MLFMA are compared to those from the MLACA (L = 3) for vertical and horizontal
polarizations in Figures 11.20a–11.20h, where the results are almost indistinguishable.
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(a) 0.75 GHz, VV-Polarization
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(b) 0.75 GHz, HH-Polarization
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(c) 1.5 GHz, VV-Polarization
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(d) 1.5 GHz, HH-Polarization
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(e) 3.0 GHz, VV-Polarization
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(f) 3.0 GHz, HH-Polarization

Figure 11.14: Conducting Sphere: Bistatic RCS (0.75–3.0 GHz)
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(a) 6.0 GHz, VV-Polarization
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(b) 6.0 GHz, HH-Polarization
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(c) 12.0 GHz, VV-Polarization
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(d) 12.0 GHz, HH-Polarization
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(e) 24.0 GHz, VV-Polarization
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(f) 24.0 GHz, HH-Polarization

Figure 11.15: Conducting Sphere: Bistatic RCS (6.0–24.0 GHz)
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(a) 3.0 GHz, VV-Polarization
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(b) 3.0 GHz, HH-Polarization
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(c) 6.0 GHz, VV-Polarization
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(d) 6.0 GHz, HH-Polarization
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(e) 12.0 GHz, VV-Polarization
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(f) 12.0 GHz, HH-Polarization

Figure 11.16: Dielectric Sphere: Bistatic RCS
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(a) 3.0 GHz, VV-Polarization
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(b) 3.0 GHz, HH-Polarization

0 30 60 90 120 150 180

Theta (deg)

-40

-30

-20

-10

0

10

20

30

40

V
V

 R
C

S
 (

dB
sm

)

MoM/MLFMA
Mie

(c) 6.0 GHz, VV-Polarization
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(d) 6.0 GHz, HH-Polarization
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(e) 12.0 GHz, VV-Polarization
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(f) 12.0 GHz, HH-Polarization

Figure 11.17: Coated Sphere: Bistatic RCS
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(a) 1.0 GHz, HH-Polarization
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(b) 2.0 GHz, HH-Polarization
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(c) 4.0 GHz, HH-Polarization
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(d) 8.0 GHz, HH-Polarization
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(e) 16.0 GHz, HH-Polarization

Figure 11.18: Thin Plate: HH RCS at 1.0, 2.0, 4.0, 8.0, and 16.0 GHz
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(a) 14.0 GHz, VV-Polarization
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(b) 14.0 GHz, HH-Polarization
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(c) 16.0 GHz, VV-Polarization
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(d) 16.0 GHz, HH-Polarization
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(e) 20.0 GHz, VV-Polarization
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(f) 20.0 GHz, HH-Polarization
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(g) 24.0 GHz, VV-Polarization
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(h) 24.0 GHz, HH-Polarization

Figure 11.19: RV with Lossless Nose: RCS at 14.0, 16.0, 20.0, and 24.0 GHz
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(a) 0.6 GHz, VV-Polarization
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(b) 0.6 GHz, HH-Polarization
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(c) 1.2 GHz, VV-Polarization
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(d) 1.2 GHz, HH-Polarization
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(e) 1.8 GHz, VV-Polarization
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(f) 1.8 GHz, HH-Polarization
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(g) 2.4 GHz, VV-Polarization
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(h) 2.4 GHz, HH-Polarization

Figure 11.20: Business Jet: RCS at 0.6, 1.2, 1.8, and 2.4 GHz
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11.7.7 Summary of Examples
Run metrics for the examples in this section are summarized in Table 11.4. Listed are
the objects, operating frequency (f0, in GHz), number of electric and magnetic basis
functions (NJ and NM , respectively), storage (in GB) for the near matrix (Mnear),
preconditioner (Mpre), radiation, receive, and transfer functions (Mrad, Mrec, and
MT , respectively), and the number of octree levels (NO).

In Figure 11.21 is plotted the total memory requirement (Mnear +Mpre+Mrad+
Mrec +MT ) versus the number of unknowns N for all test cases in Table 11.4. We
note that the storage requirement of our MLFMA/SVD algorithm scales approximately
as O(N logN), which is consistent with the standard MLFMA [2].

Table 11.4: Run Metrics

Object f0 NJ NM Mnear Mpre Mrad Mrec MT NO

PEC Sphere 0.75 7680 0 .039 .037 .005 .004 .005 4
PEC Sphere 1.5 30720 0 .16 .15 .019 .018 .013 5
PEC Sphere 3.0 122880 0 .63 .60 .075 .072 .035 6
PEC Sphere 6.0 491520 0 2.6 2.3 .31 .29 .10 7
PEC Sphere 12.0 1966080 0 9.8 8.7 1.2 1.1 .311 8
PEC Sphere 24.0 7864320 0 39 35 4.8 4.6 1.0 9

Dielectric Sphere 3.0 122880 122880 2.6 2.4 .24 .78 .10 6
Dielectric Sphere 6.0 491520 491520 10 9.5 .96 3.2 .32 7
Dielectric Sphere 12.0 1966080 1966080 42 37 3.8 13 1.0 8

Coated Sphere 3.0 153600 122880 2.8 2.6 .28 .86 .10 6
Coated Sphere 6.0 614400 491520 11 10 1.1 3.5 .32 7
Coated Sphere 12.0 2457600 1966080 44 39 4.5 14 1.0 8

Thin Plate 1.0 18304 0 .14 .11 .003 .003 .001 4
Thin Plate 2.0 73472 0 .60 .48 .011 .011 .003 5
Thin Plate 4.0 294400 0 2.5 1.9 .049 .049 .008 6
Thin Plate 8.0 1178624 0 10 7.8 .19 .19 .023 7
Thin Plate 16.0 4716544 0 41 32 .77 .77 .073 8

Dielectric Nose RV 14.0 1598780 46988 12 10 .56 1.2 .78 8
Dielectric Nose RV 16.0 1750780 48220 12 10 .72 1.7 .81 8
Dielectric Nose RV 20.0 3310288 93076 25 21 1.1 2.6 1.8 9
Dielectric Nose RV 24.0 4877898 144420 37 31 1.8 4.0 2.5 9

Business Jet 0.6 645588 0 6.2 5.7 .22 .21 .12 8
Business Jet 1.2 2409186 0 20 19 .83 .80 .40 9
Business Jet 1.8 5333445 0 41 37 1.8 1.7 .59 9
Business Jet 2.4 9059208 0 66 59 3.2 3.0 1.4 10
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Figure 11.21: MLFMA/SVD Storage versus Number of Unknowns N

11.7.8 Preconditioner Performance
We will next compare the memory requirements and overall effectiveness of the pre-
conditioners discussed in Section 11.5. We consider again the thin plate from Section
11.7.4 at 1.0, 2.0, 4.0 and 8.0 GHz, and as it is an open surface, only the EFIE is
applied. As the EFIE is known to produce a poorly conditioned system matrix, this
should be a good test article. Unless specified otherwise, all run settings are identical
to those used in Sections 11.7.3-11.7.6.

11.7.8.1 Compressed versus Uncompressed Preconditioners

In practice we will compress the off-diagonal preconditioner blocks, so we must show
that preconditioning effectiveness is not adversely impacted by the compression. To
establish a baseline, we will first examine the performance of each preconditioner with
no compression applied. For the ILUT preconditioner, fill-in blocks are dropped with
a tolerance τILUT = 10−4 but are not compressed, resulting in a much higher memory
usage.

Table 11.5 summarizes the iteration counts for the preconditioners at each fre-
quency for vertically and horizontally-polarized incident plane waves at an incident
angle of 45 degrees off of broadside. GMRES iteration is used to a residual tolerance
of 10−3, with 100 iterations allowed before restarting and no limit on the number of
iterations. Compared to the non-preconditioned iterations, we note that the diagonal
preconditioner reduces the iteration count a fair amount, up to 24 percent at 8.0 GHz.
The block diagonal preconditioner is more effective at 0.5 and 1.0 GHz, however at
2.0 GHz and above, convergence degrades significantly. At 8.0 GHz, the iteration did
not converge after 104 iterations and was halted manually. It is with the ILU and SAI
preconditioners where convergence improves dramatically. Comparing ILU(0), ILUT
and SAI, we note that ILUT is the clear winner among the three, with SAI only slightly
behind ILUT, and ILU(0) falling far behind.
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Table 11.5: Thin Plate Iteration Counts (Uncompressed Preconditioner)

f0 (GHz) 0.5 1.0 2.0 4.0 8.0

Polarization V H V H V H V H V H

None 384 346 524 502 718 544 884 709 1178 933
Diagonal 347 300 489 466 683 523 905 700 1198 997

Block Diagonal 121 93 355 255 1114 639 3223 1318 fail fail
ILU(0) 9 9 17 18 29 30 50 54 66 68
ILUT 5 6 8 9 12 12 17 17 27 26
SAI 7 7 12 11 16 13 23 18 32 23

Table 11.6: Thin Plate Preconditioner Storage (Uncompressed, in GB)

f0 (GHz) 0.5 1.0 2.0 4.0 8.0

Block Diagonal .0011 .051 .22 .9 3.6
ILU(0) .075 .40 1.8 7.7 32
ILUT .097 .81 4.9 18.2 73
SAI .075 .40 1.8 7.7 32

Table 11.7: Thin Plate Iteration Counts (Compressed Preconditioner)

f0 (GHz) 0.5 1.0 2.0 4.0 8.0

Polarization V H V H V H V H V H

ILU(0) 9 9 17 18 29 30 49 53 65 68
ILUT 5 6 8 9 12 12 17 17 29 28
SAI 7 7 12 11 16 13 23 18 31 23

Table 11.6 shows the storage requirements (in GB) for the preconditioners in un-
compressed form. The diagonal preconditioner is not listed as its storage requirements
are negligible. Of particular note is the large requirement of the ILUT preconditioner
compared to ILU(0) and SAI, due to added fill-in blocks. SAI and ILU(0) have the
same sparsity pattern, thus their storage requirements are identical.

We next consider the same example, but with the ILU(0), ILUT, and SAI precondi-
tioners in compressed form. For regular off-diagonal blocks, τSV D = 10−3. For ILUT,
τSVD = 10−1 for fill-in blocks, and the drop tolerance is τILUT = 10−4. In Table 11.7
are summarized the iteration counts. We note that these are essentially unchanged from
those in Table 11.5, confirming that the preconditioners continue to perform well after
compression. Table 11.8 summarizes the corresponding storage requirements (Mpre,
in GB) for the compressed preconditioners, and the amount of compression (C, in per-
cent). The compression level for each is significant, particularly for ILUT with its
many fill-in blocks.
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Table 11.8: Thin Plate Preconditioner Storage (Compressed, in GB)

f0 (GHz) 0.5 1.0 2.0 4.0 8.0

Mpre C(%) Mpre C(%) Mpre C(%) Mpre C(%) Mpre C(%)

ILU(0) .021 71 .11 73 .45 76 1.9 76 7.6 76
ILUT .022 78 .11 86 .48 91 1.9 89 7.8 89
SAI .024 68 .12 69 .53 71 2.2 72 8.9 72

Table 11.9: Thin Plate Iteration Counts versus Cube Size

λ 0.25 0.375 0.5 0.75

Polarization V H V H V H V H

ILU(0) 1∗ 1∗ 178 164 68 70 1∗ 1∗

ILUT 47 38 65 59 29 28 20 22
SAI 48 36 35 27 31 23 20 17

∗ Iteration failed.

11.7.8.2 Performance versus Incident Angle

We next compute the RCS of the thin plate for 361 incident angles from 0 to 90 degrees,
where 0 degrees is at broadside. The finest level cube size is 0.5λ, and the previous
solution vector is used as the initial guess for subsequent iterations. In Figures 11.22a–
11.22h are compared the iteration counts for the ILU(0), ILUT and SAI preconditioners
at 1.0, 2.0, 4.0 and 8.0 GHz, for vertical and horizontal incidence. Again, ILU(0)
performs the worst of the three. ILUT performs as well as or slightly better than SAI
at 4.0 GHz or below and is slightly worse at 8.0 GHz in horizontal polarization and at
higher angles in vertical polarization.

11.7.8.3 Performance versus Cube Size

Finally, we consider the performance of the ILU(0), ILUT, and SAI preconditioners at
8.0 GHz, for finest level cube sizes of 0.25λ, 0.375λ, 0.5λ, and 0.75λ. Summarized
in Table 11.9 are the iteration counts for vertical and horizontal incidence. We observe
that as the size of the cubes grows, the iteration count decreases. This result is ex-
pected, as the added information content in the near matrix results in a more effective
preconditioner. Unexpectedly, ILU(0) failed at 0.25λ and 0.75λ, where the conver-
gence test passed after a single iteration, but the result was incorrect. This suggests
that ILU(0) is not reliable and should not be used in practice. Table 11.10 summarizes
the corresponding storage requirements (Mpre, in GB) for the preconditioners, and the
amount of compression (C, in percent). The level of compression increases with cube
size, as noted previously in Section 11.3.2.1.
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(a) 1.0 GHz, VV-Polarization
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(b) 1.0 GHz, HH-Polarization
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(c) 2.0 GHz, VV-Polarization
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(d) 2.0 GHz, HH-Polarization
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(e) 4.0 GHz, VV-Polarization
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(f) 4.0 GHz, HH-Polarization

0 10 20 30 40 50 60 70 80 90

Incident Angle (degrees)

0

10

20

30

40

50

60

70

80

Ite
ra

tio
ns

ILU(0)
ILUT
SAI

(g) 8.0 GHz, VV-Polarization
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(h) 8.0 GHz, HH-Polarization

Figure 11.22: Thin Plate Iteration Counts versus Incident Angle
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Table 11.10: Thin Plate Preconditioner Storage (in GB) versus Cube Size

λ 0.25 0.375 0.5 0.75

Mpre C(%) Mpre C(%) Mpre C(%) Mpre C(%)

ILU(0) 3.4 58 5.3 71 7.6 76 13.3 81
ILUT 3.7 83 5.6 88 7.8 89 13.7 92
SAI 4.3 47 6.4 64 8.9 72 15.0 79

11.7.9 Initial Guess in Iterative Solution
When using an iterative solver, there is often no a priori knowledge regarding the solu-
tion vector. Therefore, for an arbitrary right-hand side vector, the usual approach is to
simply initialize the solution vector with zeros. In radar cross section problems, where
incident angles are closely spaced, the right-hand side and solution vectors will be sim-
ilar between angles. Therefore, the previous solution vector can be reused, reducing
the number of iterations. In [2], it was suggested that this can be improved further by
adjusting the phase of the solution vector between incident angles. To illustrate, con-
sider the plane-wave incident vector r̂1, where the phase term at a point r in the free
space region R0 is

ψ1(r) = ejk0 r̂1·r . (11.96)

Between angles, we can apply the following correction to the solution vector:

Δψ(r) = ejk0 (̂r2−r̂1)·r. (11.97)

If using RWG basis functions, this can be implemented by adjusting the phase of the
solution vector elements corresponding to the electric and magnetic basis functions
assigned to each edge in R0. For a given edge, the correction is

Δψ(rc) = ejk0 (̂r2−r̂1)·rc , (11.98)

where rc is the center point of the edge.
We now consider several examples that demonstrate the effectiveness of this phase

correction. We first consider the thin plate from Section 11.7.4 at 8.0 GHz, for 361
incident angles from 0 to 90 degrees (a 0.25-degree step size). The number of iterations
per right-hand side is compared for vertical and horizontal incidence in Figures 11.23a
and 11.23b, respectively. We see that the number of iterations has been decreased
significantly by adding the correction. Figures 11.23c and 11.23d present a similar
comparison for the monoconic reentry vehicle from Section 11.7.5 at 16.0 GHz, for
361 incident angles from 0 to 180 degrees (a 0.5-degree step size). The improvement
is again significant. Finally, Figures 11.23e and 11.23f show a comparison for the
business jet from Section 11.7.6 at 1.2 GHz, for 181 incident angles from 0 to 180
degrees (a 1-degree step size). The improvement is again substantial.
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(a) Thin Plate, VV-Polarization

0 10 20 30 40 50 60 70 80 90

Incident Angle (degrees)

0

5

10

15

20

25

30

35

40

Ite
ra

tio
ns

Corrected
Uncorrected

(b) Thin Plate, HH-Polarization
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(c) Monoconic RV, VV-Polarization
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(d) Monoconic RV, HH-Polarization
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(e) Business Jet, VV-Polarization
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Figure 11.23: Phase Correction Impact on Iterative Solver Performance
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